A methodology for characterizing the thermo-tribomechanical response of an aircraft landing gear shock absorber is presented. Structural damage has been reported as a consequence of heat generated by high loads induced by rough runways on the shock absorber bearings and by the high sliding velocities of the shock absorber piston. Therefore, a model that reveals the characteristics of the thermal behavior, and identifies heat sources and sinks in the landing gear shock absorber is developed. The thermo-tribomechanical model framework is presented with representative development of each component. In addition, a sensitivity study of the maximum heat flux to variations of key input parameters is investigated. The numerical results indicate that the runway amplitude dominates the landing gear thermal response. 
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I. Introduction
Aircraft landing gear (LG) are especially challenged during ground maneuvers on rough runways that suffer from damage caused by severe weather conditions. Thermal issues such as structural heat damage may occur because of the high sliding velocities of the landing gear shock absorber piston and the high drag loads induced by the rough runway, affecting the performance of the LG. In order to reduce ever increasing maintenance costs and to prevent thermal issues, it is crucial to thoroughly understand the thermal behavior of a LG system and to accurately model the energy dissipated into heat. Because of the nature of the reported damage, it is important to specifically consider the frictional energy dissipated during taxi and take-off.
To the authors' current knowledge, no study has focused on determining the dominant heat source or sink in the LG system. The fundamental governing equations are applied from the general theory of multibody systems presented in [1] . A complete helicopter LG has been modeled in [2] for the purpose of studying the LG fatigue life. The development of the overall model of a LG shock strut shown in [3] focused on the landing phase, and an isothermal friction model was implemented. The dynamics of a LG system were extensively studied in [4] , but the focus was on the initial landing impact, and heat transfer effects were not considered. While a simple model for heat generation was introduced in [5] , the focus was on rotating machinery. A thermodynamic model for a car's shock absorber was given in [6] , but frictional heat generation was not part of the model. Barber focused on developing analytical solutions to the frictional heat energy generation and its impact on the temperature field [7] . In [8] , a methodology for coupling the friction coefficient to the temperature was given.
In this work, a simplified three-dimensional (3-D) transient thermo-tribomechanical model of a cantilevered main landing gear (MLG) (see Fig. 1a [9] ) is developed. The study's first major contribution is to reveal the major heat sources and sinks in the LG shock absorber, and to determine the position and the time of occurrence of the maximum temperature. The second key contribution is to determine the sensitivity of the maximum temperature (proportional to the maximum frictional heat flux) in the thermal zone of interest (TZI) to a change in key parameters such as the characteristic dimensions of the runway profile and the weight-over-gear.
II. Methodology
The model is shown in Fig. 1b [10] . In [9] , the same methodology has been presented, but the present work highlights the model details and the sensitivity study. The model is divided into four parts (input, thermal, tribological, and mechanical).
The thermal response of the LG depends on the dynamic input and can only be determined once the appropriate boundary conditions and heat sources are known. The inputs to the thermal module are calculated in the mechanical and tribological modules. The temperature is the main output of the system and is fed back to the tribological module, which in return affects the dynamic response of the LG. The model is a pure thermal model, and the LG structural components are considered to be rigid and initially stress-free: σr; T; t: ∇ _ũ r; t ≪ 1, whereũ is the dimensionless displacement field andσ the dimensionless stress field. Algorithm 1 shows how the simulation between MATLAB®/Simulink and ANSYS Workbench is set up. A weakly coupled simulation (sequential runs until convergence) was preferred to a strongly coupled simulation, as the system's thermal response is much slower than its dynamic response.
III. Model Development A. Material Properties
The density ρ i p i ; T i of the oil in chamber i of the shock absorber is dependent on pressure and temperature. For the thermodynamic submodel, the shock absorber oil is considered to be incompressible. The heat capacity c i T i of the oil in chamber i is linearly dependent on temperature T i . Deriving an analytical expression of the material properties is necessary in order to develop a thermodynamic differential matrix system. The material properties for the solid components of the model are assumed to be homogeneous, linear, and temperature independent, and are shown in Table 1 [11, 12] . No thermal expansion of the solid components is considered. The physical properties for the shock absorber oil are from [13] . The lubricant's kinematic viscosity as a function of temperature is given by ν g T i expexp8.49 ln 10 − 3.34 ln T i ln 10 − 0.710
The useful operating temperature range for Aeroshell Grease 22, a common lubricant, is limited; the maximum operating temperature of the lubricant is denoted as T g 204°C. The grease density at 15°C is considered to be constant, and the density change with pressure and temperature is not factored in. Only the kinematic viscosity is considered to be affected by a temperature change. The kinematic viscosity data are from [14] (for AeroShell Grease 22) and were interpolated using the ASTM D341 [15] equation to determine the interpolation constants (in SI units). 
The model is developed for the taxi and take-off phases only [see Eq. (2)] with constant taxi and take-off speed ( X t 0 and X l 0). A similar runway profile can be considered for the case of landing, in which the weight-over-gear W is lower, but an additional braking force would have to be considered.
The maximum runway distance X max travelled depends on the weight of the aircraft and is determined using basic aerodynamics. The tire model is adopted from [16] . The tire vertical stiffness is a function of the tire vertical deflection: κ 0 t κ t δ 0 t [17] .
The dynamic ground reaction force is a function of the tire deflection: 
The rolling resistance is modeled using a Coulomb friction model, and the direction of the applied forces is modified using the slope of the runway Z R;X dZ R dX . It is assumed that no lateral (or longitudinal) shift of the aircraft center of gravity exists (same longitudinal position than the MLG). The nonlinear dynamic model shown in Fig. 2b is described by the dynamic differential equations system M zt cz; _ z kz ft f f t;
The matrix system of Eq. (4) yields the vertical positions and velocities of the reduced aircraft and piston masses. The position states are denoted as z zt Zt T . The difference between both velocity states is the relative sliding speed _ st _ zt − _ Zt. The integration of _ s yields the shock absorber stroke. The sign of the relative sliding speed provides the information that determines whether the shock absorber is in compression or extension, and is defined as
Beam Submodel
The load analysis yielding the bearing loads is simplified by using a beam model illustrated in Fig 2c. The LG structural components are rigid and no deflections are considered. The forces calculated with the beam submodel are used as bearing loads in the Hertzian contact model and are defined by
From Eq. (5), it can be seen that jF l tj ≥ jF u tj. As the frictional heat flux is proportional to the normal bearing load, the frictional heat flux at the lower bearing will always be higher than the frictional heat flux at the upper bearing (for the ground maneuvers considered).
The Hertzian contact pressure profile shown in Fig. 3a is derived for a convex-concave contact under the assumption that no angular frictional forces are present at the contact interface. The normal bearing load is derived from the beam submodel. It is assumed that the cylinder and piston do not change shape due to the temperature increase (inflation) or the load (ovalization). This submodel is limited and will be the focus of future studies.
An equivalent radius, an effective elasticity modulus, and a semicontact width are defined in Fig. 3a . The area over which the frictional heat flux is input to the piston and cylinder is defined by the semicontact angle. The Hertz contact pressure submodel closely follows the model outlined in [5] . For the LG configuration that is considered, the lower bearing load is positive at all times:
Friction Submodel
The upper and lower bearing friction forces follow the SWITCH model [18] , as shown in Fig. 3b , and are defined by (i l: lower bearing, i u: upper bearing)
The ratio between the dry and lubricated friction coefficients is defined as
, the grease's lubricating properties are not preserved, which results in dry contacting surfaces. The transition between dry and lubricated conditions is modeled with the Heaviside step function H HT i − T g . The temperature-dependent lubricant's kinematic viscosity yields a temperature-dependent friction coefficient (see Fig. 3b ). The average lubrication gap height δ g is considered to be constant. The interface temperatures T u and T l are area averaged temperatures. During stiction, the externally applied force is derived from the conservation of momentum (by following [4] ):
where f, k, and c are defined by Eq. (4). The lower and upper bearing friction coefficients are calculated as μ i F i f t · F i t −1 . each chamber (see Fig. 4 ). The force equilibrium of the internal chambers yields the shock absorber damping coefficient ζ (as shown in [4] ):
The pressure differentials Δp ∝ ϵ_ s 2 are calculated using the conservation of mass between the chambers. The net mass flow rates through two orifices are equal to the chamber volume change [see Eq. (10)]. The geometry of both orifices is not uniform along the vertical axis. Consequently, the combined discharge coefficient K 0 ϵ is dependent on the direction of the piston movement. The shape of the rebound orifice changes during extension and compression. The pressure differentials yield the chamber pressures as a function of stroke and stroke speed (by following [4] ) and are given by The corresponding coefficients are given in Table 2 . The dimensionless thermal mass matrix is defined as Lτ; p I 3×3 diagwτ; p ∘ τ.
The oil properties are temperature dependent and are taken into account in wτ; p, making use of the Hadamard product defined as wτ; p ∘ τ i wτ; p i · τ i . The source vector components are defined by
The thermodynamic submodel is linked to the average temperatures of the structure given by T i
The heat transfer between the mixed liquid (oil) and gas (N 2 ) is approximated using a polytropic transformation with a constant polytropic coefficient γ for dynamic conditions. The heat transfer Table 2 Matrix coefficients of T and P T coefficients P coefficients
between chambers I and II is denoted as Q 0 t and derived using first principles applied to a polytropic process.
Thermal Submodel
The aim of the thermal model is to determine a temperature field T∶R 3 × R → R∶r; t ↦ Tr; t ∈ C 2 Ω in the domain Ω that satisfies the applied boundary conditions. C 2 Ω is the class of functions for which the second-order derivatives are continuous and exist on Ω, and r is a position vector such that rr; ϕ; z re r ze z ∈ Ω. D D ∪D is the complete domain index span. The mobility parameter η d is given by η d 1, d ∈D and η d 0, d ∈D. Γt ∂Ωt is the complete border of the domain, n is the normal on the surface Γt, and B is the boundary index span (indices shown in Fig. 4) .
The governing transient temperature diffusion equation with the advective contribution due to the moving domain reads (∀ r; t ∈ Ωt × 0;
The general boundary condition is given by (h b 0, b 6, 7,
The heat transfer coefficients are derived using empirical correlations that are adopted from [19] 
The frictional heat flux is shared between both sliding interfaces. The sharing coefficient is dependent on the material properties, as there is a preference for heat to flow to softer materials: ξ 7 c B c B c C −1 .
The heat flux at the lower bearing is defined by Eq. (17) . Initially, the temperature field is homogeneous (∀ r ∈ Ω0 ∪ Γ0) T 0 r T 0 .
IV. Numerical Results
The temperature field was calculated for a ground maneuver of an aircraft equipped with cantilevered main landing gear on a rough runway. A total time of 30 s (15 s constant taxi speed on the taxiway, 15 s constant aircraft acceleration on the runway) was considered. The take-off speed is weight dependent and was calculated for the aircraft considered in the study. The results were all normalized by the maximum value such that for quantity Y: Y Y∕ maxY. The dynamic characteristics of the shock absorber were validated against data from the landing gear manufacturer. The mesh used to compute the thermal response consisted of Solid226 elements (20-node 3-D bricks). In total, 24,962 elements were used with 38,029 nodes. All the simulations were performed on a dual six-core machine at 3.46 GHz with 48 GB of memory. Global convergence was achieved after three global iterations and a total computation time of 33.32 h. This relatively long simulation time can essentially be attributed to slow inputs/outputs between the two software systems and tight local convergence criteria.
A. Mechanical and Tribological Submodels
The power equivalence shown in Fig. 5a was used to verify the mechanical model. The input power is split into the spring force power and the dissipated power such that P in P diss P spring 0. During compression, the frictional loss is highest, as the sliding speeds are highest and the shock absorber damping coefficient the smallest. During extension, the frictional loss is almost equal to the damping loss.
The friction forces are plotted in Fig. 5b as a function of the relative sliding velocity. The friction forces were normalized by the maximum combined friction force. Therefore, strictly speaking, the plot in Fig. 5b does not show the friction coefficients. The friction force at the lower bearing was at all times approximately 75% of the total friction force, revealing that almost all the drag load applied at the axle was taken mostly by the lower bearing under the conditions that were considered. The frictional heat flux (proportional to the maximum temperature at the sliding interface) depends on the applied bearing load and was much higher at the lower bearing than at the upper bearing. The normalized heat flux at the lower and upper bearings is plotted in Fig. 6a , revealing the characteristic halfparabolic shape of the heat flux. For the sake of clarity, the heat flux at both bearings was plotted on one figure. The normalized heat flux was highest at the lower bearing interface and oscillated over time. The contact angle changed as a function of time. The maximum heat flux was applied at angle zero (in horizontal direction), as no horizontal drag load was applied for the idealized conditions. The heat flux is zero for all angles for which no contact pressure was defined.
The model is limited, as lubrication was not specifically modeled. If a lubricating layer had been present, heat would have been generated by viscous dissipation due to pure sliding (shearing of the semi-solid lubricant film). A reduction of the heat flux peaks in Fig. 6a and an irregularly shaped surface of the heat flux as a function of time and angle would likely be the consequence of the ovalization of the piston and the cylinder. 
B. Thermal and Thermodynamic Submodels
The bulk chamber temperatures are shown in Fig. 6b . The temperature rates were variable as inflow and outflow of each of the chambers were not constant. The average temperature rate for chamber II was the highest because the work input to chamber II was highest, and additional heat was transferred from chamber I to chamber II. During taxiing, the average rate was almost constant, but the temperature increased at different rates at all times, because the compression and extension speeds of the shock absorber were different.
The temperature increase at the end of a typical rough runway maneuver of 30 s is shown in Fig. 7a . The average chamber temperature increase was small compared to the temperature increase at the lower bearing. The heat flux vector field is shown in Fig. 7b . Shortly after a compression phase, at the time of 30 s, the piston extended. In the direction of movement, the heat flux at the leading edge of the stationary body was highest. This is due to the fact that advection occurs in the stationary body, as the heat is advected by the moving body (piston). The heat flux at the lower bearing flowed into the lower bearing (on the cylinder side), confirming the tendency of the heat to flow into the softer material (as stated in [7] ).
The average temperatures at the lower and upper bearings are plotted in Fig. 8a . During the ground maneuver, steady-state was not reached, and the average temperature increased constantly. The oscillations in the temperature profile are due to the fact that the hot region is periodically brought into contact with colder oil or air. The average temperature constantly increased when the aircraft taxied over the runway at a constant speed, but followed an irregular pattern during aircraft acceleration. By using functional properties, a power law was determined that yields the lower bearing average temperature during taxiing as a function of time:
For the considered case, the parameters were determined as A 5 and B 0.55 and depend on the chosen landing gear, the runway profile, and the operating conditions. The maximum sliding velocity changed as the nominal weight-over-gear was changed (see Fig. 8b ).
C. Validation and Limitations
The temperature field was calculated using commercial software that has been validated and verified. The consistency of the thermal response was verified, and input errors are unlikely. The other submodels such as the dynamic submodel, the tire submodel, or the thermodynamic submodel were validated against real landing gear data. This validation data are proprietary and not available for publication. Experimental data that could be used to validate the current model are not yet available. A full experimental validation of the LG model is in progress.
V. Sensitivity Study
As stated in [7] , the interface temperature is proportional to the heat flux. As the maximum temperature occurs at the lower bearing sliding interface, it is sufficient to study the sensitivity of the maximum heat flux over one bump instead of the maximum temperature at the lower bearing. The local normalized sensitivities were calculated using the approach outlined in [20] a rough runway and determined by analyzing measured runway profiles). The local sensitivities were normalized in order to remove the effects of different units and are defined by
where Y k i f k X i ; X j ; j 1; 2; 3; j ≠ i, where k is the number of the considered output variable and f k is the kth response surface.
The input variables X 1 A R , X 2 X R , X 3 W were varied for the following output variables:
The response surface was built using 11 different runway amplitudes and 15 different runway wavelengths (165 samples in total). The linearly interpolated response surface f 1 f 1 A R ; X R ; W of the maximum heat flux is shown in Fig. 9b .
The local sensitivity ratios, calculated using finite differences, were determined for the nominal values A R 0.03 m, X R 2 m, W 332 kN, t t 15 s, t 30 s and are shown in Fig. 9a . The nominal values are fictitious but are compatible to a certain rough runway.
VI. Conclusions
This model revealed the thermal behavior of the LG system from a macroscopic point of view. Contrary to common belief, it was shown that the dynamic response and the thermal response of the system are closely related. Additionally, it was possible to identify the key parameter that has the highest impact on the thermal response. The model showed that the zone of highest temperature is at the lower bearing, as the main heat source was shown to be at this interface. The complete system has to be considered in a transient regime, as the boundary conditions of the thermal model are closely related to the dynamic model. Two statements are presented next regarding the characteristics of the LG system:
1) The maximum heat flux at the lower bearing is not very sensitive to a change in weight under given runway and operating conditions. If the weight-over-gear is increased, the maximum contact pressure increases. At the same time, the dynamic system becomes stiffer (the shock absorber stiffness and the friction force increase), yielding a smaller relative sliding speed: S r 4;3 > 0 ∧ S r 2;3 < 0 ⇒ jS r 1;3 j ≪ 1.
2) The heat flux at the lower bearing is most sensitive to the runway amplitude. If the runway amplitude increases, the vertical axle force is increased, yielding a higher system excitation: jS r 1;1 j > jS r 1;2 j ≫ jS The present work introduces a preliminary modeling approach that revealed the thermal behavior of the LG system when maneuvering on a rough runway. The model is a proof of concept and will be refined during future developments by rejecting limiting assumptions. Future model refinements will focus on developing a more detailed model of the sliding interface, taking into account local effects such as viscous heating of the lubricant. Future work will eventually lead to an industrial solution that may allow aircraft operators to reduce maintenance costs. Additionally, an industrial solution may lead to an increased LG system performance.
